REPRESENTATION THEORY OF FINITE GROUPS AND
BURNSIDE’S THEOREM

ARIEH ZIMMERMAN

ABSTRACT. In this paper we develop the basic theory of representations of
finite groups, especially the theory of characters. With the help of the concept
of algebraic integers, we provide a proof of Burnside’s theorem, a remarkable
application of representation theory to group theory.
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1. INTRODUCTION

Definition. A representation of a group G is a pair (V, p) where V is a complex
vector space and p : G — GL(V) is a group homomorphism.

When no confusion arises, we often refer to V or p as the representation itself.
We will often denote p(g) as py and p(g)(v) as gv for g € G and v € V. If V has
finite dimension n, we call n the degree of the representation.

In this paper all representations are assumed to be finite dimensional.

Definition. Let (V,p) and (W, p') be representations of G. A homomorphism
resp. isomorphism ¢ from the first to the latter is a linear transformation resp.
isomorphism from V to W so that the diagram

Y
Vv—m W

Pgl lpfg
2
Vv — W

commutes for every g € G.

Definition. If (V] p) is a representation of G and V' is a subspace of V, and
pg(V") C V' for all g € G, we see that (V’, p’), where p’ = p |y, is also a represen-
tation of G. In this case we call V' a subrepresentation of V.
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Definition. If a representation (V, p) contains a proper nonzero subrepresentation,
we say that it is reducible. Otherwise, we say that it is irreducible.

Theorem 1. If (V, p) is a representation of a finite group G and V' is a subrepre-
sentation of V', then there is a complement W of V' that is also a subrepresentation
of V.

Proof. Let n be the degree of (V, p). Since V is a finite dimensional complex vector
space, we can endow it with a hermitian inner product (z | y) = >_"" ; 2;7;, where
x = (x1,...,2,) and y = (y1,...,Yyn) under a certain basis. Now, we can replace
this inner product with a new inner product ﬁ >gec(Pg(T), pg(y)), which is clearly
also hermitian. We show that the orthogonal complement W of V/ under this inner
product is stable under the action of G. That is, for v/ € V/, w € W, and h € G,
we have

1 / 1 / 1 —1.
@l > {pg(hw), pg(v')) = @l > pgnw, pgnn—1 (V) = @l > {pgw, pg(h™10")) =0,

geG geG geG
since the right action of h permutes G and h=1v' € V/ = W+, QED

Corollary. Every representation of a finite group is isomorphic to a direct sum of
irreducible representations.

Proof. There is nothing to prove in the case that the representation has degree 1,
since the only nonzero subspace of C is C itself. Let (V,p) be a representation of
degree n. If V is irreducible we are finished. If not, let V' # V be a nontrivial
subrepresentation stable under the action of G. The above theorem shows that
W = (V')* is also a subrepresentation of V. And V is isomorphic to V' & W
as a representation of G. Since V' and W have dimension less than V, they are
isomorphic to direct sums of irreducible subspaces via the induction hypothesis.

QED

2. CHARACTERS

Definition. We define the character of a representation (V, p) to be the map x (v, :
G — C, where x(v,)(9) = Tr(pg) for any g € G.

When no confusion arises, we may write x(v,,) as x.

Proposition 1. If x is a character of a representation of a finite group G of degree
n, then for any g,h € G,

(1) x()=n ___

(it) x(g7") = x(9)
(ii) x(gh) = x(hg).

Proof. (i) is true since the trace of the identity nxn matrix is n. Suppose A1, ..., Ay,
are eigenvalues of p, with multiplicities d1, ..., dp,. Then 1/A1,...,1/\,, are eigen-
values of p,-1 with the same multiplicity. Note that p, has finite order, so its
eigenvalues are roots of unity. Thus 1/)\; = \; for 1 <4 < m, and (i) follows. The
final property of characters follows from the corresponding equation for the trace
of matrices: Tr(pgpn) = Tr(pnpg)- QED

Definition. If (Vi,p') and (Va, p?) are representations of G, then we may define
Vi @ V; as a representation p by setting p, = p; D pg for any g € G.
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Proposition 2. If (V1,p') and (Va,p?) are representations of G and x1 and Xa
are their characters respectively, then the character x of V1 @ Ve has value x1 + x2-

Proof. Let g € G, and p; and p? have corresponding matrices R, and R2. Then the
1

Ry

0 R

x1(9) + x2(9)- QED

matrix Ry = ) representing pé D pg clearly has trace Tr(Ré) —|—Tr(R§) =

Schur’s Lemma. Let f : Vi — V5 be a homomorphism between two irreducible
representations (V1,p1) and (Va, p2) of G. Then

1. If the representations are not isomorphic, f =0
and
2. if (Vi,p1) = (Va, p2), f is a homothety.

Proof. We may assume f # 0, for if not the lemma would certainly hold. Then
ker f # Vi and Im f # {0}. In addition, if w; € ker f and we € Im f, we see
fopy(w) = p3o flw)=p2(0) =0 and gf(w) = p; o f(w) = fopi(w) € Im(f),
so that the kernel and image of f are invariant under the action of G. Because V
and V4 are irreducible, we can deduce from this that ker f = {0} and Im f = V5,
so f is an isomorphism, proving (1). For (2), since C is algebraically closed, f has
some eigenvalue A. If we let f/ = f — X -1d, then f’ has a nonzero kernel, and
one may easily check that f’ is a homomorphism of representations. Thus, by the
irreducibility of V7, f/ =0, or f = X-1Id is a homothety. QED

For complex valued functions ¢,¢ : G — C, where G is finite, we now denote
(p, ) = ﬁ >gec @(9)¥(g™") to be their convolution.

Theorem 2. Let (V,p), (V',p') be two irreducible representations of a finite group
G and x, X' be their characters respectively. If (V,p) and (V',p') are isomorphic,
then (x, X'y = 1. Otherwise, (x,x’) = 0.

Proof. Let f be an arbitrary linear map of V to V’/. Then we can define fj as
&1 2 gec(Py) " fpg, which yields

(Ph) "o foopn= @ Z o) fogpn

geG

- ‘—él S () fgn = ﬁ SO0 oy = fo

geG geaq

for any h € G, since multiplication by A permutes the elements of G. Hence fj is a
homomorphism of representations. If pg, p’g and f are represented in matrix form
as (rij(g)), (ri,;(g)), and (fi;) respectively, we have

fo= 15 3 rhla™ ) smilo)

9:3:3"

for every 1,4’

Assume that p is not isomorphic to p’. Then, by Schur’s Lemma, we have
fo = 0, and since f was chosen arbitrarily, we can consider the systems of values
where fj/; = 1 for any arbitrary choice of j and j/, and is 0 otherwise, then equate
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coefficients to show that (r},;,7;;) = 0 for any i,i,7,5/. Thus, by the second
property of Proposition 1,

beX) |G| 2_ xlo)x IG\ D i @rigla™) = Y () = 0.

9eG 9.3:3" 3,3’

Assume, instead, that p and p’ are isomorphic. Then Schur’s Lemma now gives
fo = A -1Id for some scalar A, so

n-A=Tr(fo) = |G|2Tr i fpy) = |G|Zﬂ f),

geG geG

where n is the degree of the representation, and we get A = ~ LTy (f). Since fo = A-1d,
we now have

1
|G| Z rig(t TN firgrii(t) = Xowi = ﬁ&/iZQ/J-fjlj,
9:4:3" 3.3’

which implies (r},;/, ;i) = %&viéj/j. Therefore,

E: }: -1
X7 |G| geGX |G| 9,33 TJJ )
—E, '77"JJ 5:5]] 5 = 1.

QED

Theorem 3. Let V be a representation of a finite group G with character ¢ and
Wi ®...@Wy a decomposition of V into irreducibles. Then, if W is any irreducible
representation of G with character x, the number of W; isomorphic to W is (¢, x).

Proof. By Proposition 2, we have ¢ = x1 + -+ - + X%, where x; is the character of
W;, which implies (¢, x) = {(x1,X) + -+ (X%, X). By Theorem 2 the i*" summand
here is either 1 or 0 depending on whether or not W; and W are isomorphic, and
the result follows. QED

Corollary. The number of W; isomorphic to W in Theorem 8 does not depend on
the choice of decomposition, and two representations with the same character are
isomorphic.

If a representation V' decomposes into a direct sum of irreducible representations,
and the irreducible representation V'’ occurs in this direct sum n times, from here
forward we say V'’ occurs in V with multiplicity n.

Theorem 4. If x is the character of a representation V' of a finite group G, then
(x,x) =1 if and only if V is irreducible.

Proof. The “if” part of the statement is given in Theorem 2. By Theorem 3 and
its notation, we have V' = m ;W1 & ... S mp Wy, where m; is the integer (x;, x). So
06 x) =mi(x, x) + -+ me{xe, x) = Zf ,m?, and the theorem is clear. QED

Definition. The regular representation of a finite group G is the pair (V, p) where
V = Cl%l has a basis {e,}sec and p is defined so that py(ey) = ep, for any h € G.

Proposition 3. The character xg of the regular representation of a finite group
G has |G| as its value at 1 and 0 elsewhere.



REPRESENTATION THEORY OF FINITE GROUPS AND BURNSIDE’S THEOREM 5

Proof. The first half of the statement follows from Proposition 1. To consider
other values, note that action by elements of G permute elements of the basis, and
nonidentity elements send no basis element to itself. Therefore, xg(h) = Tr(pn) =0
when 1 # h € G. QED

Corollary. If V' is an irreducible representation of a finite group G, V' occurs in
the regular representation of G with multiplicity equal to its degree n.

Proof. Let x’ be the character of V’. By Propositions 1 and 3, we have
oD _ 6l =
X (1) =n,
e

and the proof follows from Theorem 3. QED

06X
IGI geG

Definition. A class function on a group G is a function which is constant on
conjugate classes; that is, f(g) = f(hgh™!) for all g,h € G.

Definition. For a finite group G, by G we denote the set of isomorphism classes
of the irreducible representations of G.

Theorem 5. The characters of all the elements ofG' form an orthonormal basis

for the space H of class functions on G with respect to the Hermitian inner product

(]

Proof. Proposition 1 shows that these characters are an orthonormal system.
Assume f is a class function orthogonal to each of the characters of the irreducible

representations. We prove f = 0. Let py = dec f(g)pg—1 for any irreducible

representation p of G with degree n and character y. Then, for any h € G,

o pron =Y F@)pn pg-ron =Y F(h gh)ph-1g-1 = py,
9eG geG
since f is a class function and conjugation by h permute the members of G, pre-
serving inverses. Therefore p; satisfies the hypotheses of Schur’s Lemma, and is
hence a homothety A € C. We calculate

nA=Tr(\-1d) = Tr(ps) = > f(9)Tr(pg—) = Y _ f9)x ={f,x) =
geqG geqG
so pf = A = 0. Since any representation can be decomposed into a direct sum of
irreducible ones by the corollary to Theorem 1, combined with Proposition 2 this
shows that py = 0 even for representations p that are not irreducible. If we take p
to be the regular representation, then

0=prer=Y_ fl@pgre1 = fg)eg1,
geG geG

and by the linear independence of {e;}4eq, we have f =0 on G. QED

Corollary. The number of elements of G is equal to the number of conjugacy
classes of G.

Proof. The dimension of the space H is clearly equal to the number of distinct
conjugacy classes of G. By the above theorem, this is equal to the number of
isomorphism classes of irreducible representations of G, which are completely de-
termined by their characters. QED
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3. SOME MORE DETAILED RESULTS

Proposition 4. Let G be a finite group. Let h € G, O(h) be the number of elements
in the conjugacy class of h, j be an element of G not conjugate to h, and x1, ..., Xk
the characters of the elements of G. Then

k
> (b

k
e ; Xi(4)xi(h) = 0.

Proof. Let f be the class function whose value is one on the class of A and 0
elsewhere. Then, by Theorem 5,

k

() = (fnxidxilg) =

i=1

Mw
O

h O(h) &
|é|)X1(h) Xi —Tz::

for g € G. Since x is a class function, the case where ¢ is in the class of h gives the
first statement, and the case where it is not gives the second. QED

Applying h = 1 to the proposition, we get the following corollary:

Corollary. Let x1,..., Xk be the characters of all elements ofCAvY and n; be the degree
of the representation associated with x;. Then Y. n? = |G| and > n;xi(g) = 0 for
any nonidentity element g of G.

We now consider any representation of a finite group G a C[G]-module by defining
the action of f € C[G] on h € G by fh =3}, cqgh when f =3 . cyg with ¢, € C.
In the case of the regular representation, one immediately finds that this is simply
C[G] regarded as a module over itself.

It is clear that any representation of G is irreducible only if it, regarded as a C[G]-
module, is simple. Therefore, C[G] is semisimple - this is essentially a restatement
of Theorem 1 - and any representation of GG, by decomposition into irreducibles, is
a direct sum of simple submodules by the corollary to Theorem 1.

Definition. Let G be a finite group, and (W1, p1), ..., (Wk, px) representatives of
all elements of G. We define an algebra homomorphism p; : C[G] — End(W;) by
linearly extending p;. We then define a homomorphism p : C[G] — Hle End(W;)
by o(f) = (pr(f), - pe(f))-

Fourier Inversion Formula. For f € C[G], we put f; = p;(f). Then, in the
same notation as above,

‘G| Z anTrW1 pz 1)fi)ga

geqG i=1

where n; is the degree of W;.
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Proof. Let x; be the character of W;, and write f as ). cyg. Then the corollary
to Proposition 4 gives

|G|sz (pilg™)) i) mZZm . | pila™) D egrpily)

geG i=1 geG i=1 g'eG

|Zch Zn (pi(97"d))g |Zch anng ')

geG g’'eG i=1 geG g'eG i=1

Z Z Cq'09g'|Glg = Z €99 =

gGGg g€ geG
QED

Proposition 5. p as above is an algebra isomorphism.

Proof. Let F : [[End(W;) — C[G] denote the Fourier inversion formula. The
previous proof shows that Flop = 1 |C[G], implying injectivity. Now, to show
bijectivity, we need only compare dimensions. Using the corollary to Proposition
4

)

k k
dim(C[G]) = |G|= ) _n} = dim (H End(WZ-)) .

=1 i=1
QED

Proposition 6. j as above maps the center of C[G] isomorphically onto C*, where
k is the number of conjugacy classes of G.

Proof. The center of C[G] counsists precisely of those elements commuting with
each g € G. Applying p, by the corollary to Theorem 5, the image of this center
then consists of all members of [[ End(W;) commuting with each (p1(g), ..., pr(9)).
Each entry of such functions is a homomorphism of representations, or, by Schur’s
Lemma, a homothety. Conversely, every k-tuple of homotheties clearly satisfies this
commutativity. Pairing these homotheties with their ratios in C, the isomorphism
is shown. QED

4. INTEGRALITY PROPERTIES OF CHARACTERS

Lemma. A complex number c is integral over Z i.e., ¢ is the root of a monic
polynomial over Z, if and only if the subring Z[c] of C is finitely generated as an
abelian group.

Proof. Assume c is integral over Z. Then there is some monic f € Z[X] with
f(e) =0, or
a4 +a =0

for some aq,...,a, € Z. This shows that any power of ¢ greater than n can be
reduced to a Z-linear combination of ¢"~1,... 1, making Z[c] a finitely generated
abelian group. Assume conversely that Z[c] is finitely generated, and let aq, ..., anm

be its generators. Then there are f; € Z[X] such that a; = fi(c) for 1 < i < m. Now
let N = max{deg fi,...,deg f} + 1. Then there are b; € C with ¢ = Y b;a; =
> b fi(c). Therefore ¢ is a root of the monic polynomial X™ — " b; f;(X), which
has integral coefficients, making ¢ an algebraic integer. QED
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Theorem 6. FEvery element in the image of any character x of any representation
p of a finite group G is an algebraic integer.

Proof. For h € G, since G is finite, we see that p, has a finite order m. Therefore,
if A is an eigenvalue of pj, we have A" an eigenvalue of p;* = p;. Since 1 is the
only eigenvalue of p;, this means \™ = 1. Therefore x(h), which is the sum of
eigenvalues of p;, with their algebraic multiplicities, is a sum of m*" roots of unity.
Hence x(h) is contained in Z[e?™"/™], which is a finitely generated abelian group.
By the above lemma, we see that y(h) is an algebraic integer. QED

Proposition 7. Let f = Y, cqg be in the center of C|G], with G a finite group,
and assume the cy are algebraic integers. If p is an irreducible representation of G
with character x, then %ZG cgx(g) is an algebraic integer.

Proof. We first show that f is integral over Z.

For any h € G, we have >, csh™'gh = h™'fh = f =3, ¢4g. This shows that
the coeflicients of every conjugate of each g is ¢, We may therefore rewrite f as
Zle ¢;si, where s; is the sum of the members of the i*" conjugacy class of G. Since
¢; is an algebraic integer for each i, to prove that f is integral over Z, it suffices
to prove that each s; is integral over Z. This follows from the lemma preceding
Theorem 6 and the observation that Zs; & ... @ Zsy, is a subring with identity of
the center of C[G].

Now, one easily checks that p,jl fpn = f as aresult of the coefficients of conjugate
elements of G being equal, showing that f is a homomorphism of representations.
Hence, by Schur’s Lemma, it is a homothety A - Id, and comparing traces gives

nA=Tr(A-1d) = Te(f) = D ¢, Te(py) = Y eox(9),

geG geG

or A=213".cox(g™"). Since A-1d = f is integral over Z, A is an algebraic integer,
proving the statement. QED

Corollary. If p is an irreducible representation of a finite group G of degree n,
then n | |G].

Proof. Let p have character x. We see that the function f =", x(g71)g is in the
center of C[G], since x is a class function. We may therefore apply the proposition
above, showing

A= % > xg™Mx(g) = %<x7x> = |n£|
geaG

is an algebraic integer. The statement then follows since the only rational algebraic
integers are members of Z. QED

5. BURNSIDE’S THEOREM

Lemma 1. If G is a group of order p®, with p prime, then G is solvable.

Proof. We induct on a. The case of a = 0 is trivial. Assume the statement holds
for all integers up to a — 1. We show it holds when |G|= p®. Assume that G has
trivial center. Since the order of any conjugacy class of G divides the order of G,
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we see that each conjugacy class other than {1} has order p*: for some k; € N, with
1 indexing the conjugacy classes. Hence, by the class equation,

Gl= 2@+ Yk =1+ ",

where Z(G) is the center of G. This is a contradiction since p | |G|. Therefore
Z(G) must be a nontrivial normal subgroup, and because Z(G) and G/Z(G) are
both solvable by the induction hypothesis, G is solvable. QED

Lemma 2. Let h be a nonidentity element of a finite group G. Let O(h) be the
number of elements in the conjugacy class of h, and suppose O(h) = p* for some

prime number p. Then there is some irreducible representation p of G with kernel
N # G such that p(h) is in the center of Im(p).

Proof. We first find a character x of a nontrivial irreducible representation of G
such that y(h) # 0 and p 1 x(1). Suppose such character does not exist. With the
same notation as Proposition 4, we have

E

I+ Z Xi(D)xi(h) = ZXi(l)Xi(h_l) =0.
Xi#1 i=1

By our assumption p divides each y;(1), so, subtracting 1 and dividing each side by

p, we find that —% is a Z-linear combination of the y;(h). Theorem 6 would then

imply that 7% is an algebraic integer, a contradiction.

Let p be the representation associated with the character y found above, and let
N = ker p. We know that N # G since p is not trivial.

Define v : G — C so that v(g) = 1 if g is in the conjugacy class of h and v(g) =0
otherwise. Then v is a class function, so, by Proposition 7,

L > ol x(gh) = oW (ny

(1) 2, x(1)

is an algebraic integer, and therefore has norm %| x(h)| that is an integer. Since
p 1 x(1), this shows x(1) | |x(h)|. Note that x(h) # 0 and x(h) is a sum of x(1)
roots of unity. By the triangle inequality, we deduce that p, has only one eigenvalue.
Note that pj is diagonalizable since it has finite order. Therefore, p; is a scalar
matrix, and is in the center of Im(p). QED

Burnside’s Theorem. Every group of order p®q®, with p and q prime, is solvable.

Proof. We induct on the pair (a,b). The base cases where a = 0 or b = 0 follow
from Lemma 1.

If G has nontrivial center Z, then G/Z and Z are solvable by the induction
hypothesis, so G is solvable.

Assume instead that G has trivial center. Then there is some nonidentity h € G
such that ¢ 4 O(h). This is because, if no such h exists, since the sum of the orders
of the conjugacy classes of G is |G|, we would have p®¢® equal to a multiple of ¢
plus 1, a clear contradiction. So we may apply Lemma 2 to find a representation
p of G with kernel N # G and p(h) in the center of Im(p). If N were trivial, then
G = Im(p), putting h at the center of G, a contradiction. Hence both N and G/N
have order less than |G| and are solvable by the induction hypothesis, implying G
is solvable. QED
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